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Exactly solvable periodic Darboux (/-chains * 

Ivan A. Dynnikov and Sergey V. Smirnov 



Let Lx,Li2, ■ ■ ■ be selfadjoint differential operators acting on K. They form a Darboux chain if they 
] satisfy the relation 

O ' 

O ' L i = A J A j - a o = A t-i A J-i> (!) 

(N 

where Aj — —d/dx + fj(x) are first order differential operators. A Darboux chain is called periodic if 
Lj-^. r = for some r and for all j = 1,2,.... Number r is called the period of a Darboux chain. The 
operator L + ^ appears to be the harmonic oscillator in the particular case r — 1. 

Periodic Darboux chains lead to integrable systems of differential equations for functions fj, which 
are examined in Q. The cases a — and a / 0, where a = Y^j=i a j-> are cardinally different. The 
operators of a periodic Darboux chain are finite-gap if a = 0. If a ^= 0, then the equations for fj lead to 
the Painleve equations or their higher analogues; relations define the discrete spectrum of the chain 
operators Lj : the spectrum of each of these operators consists of r arithmetic sequences (see Q ) . 
^1 ■ Consider the following "g-analogue" of a Darboux chain: 

o 

where Aj = aj + bjT are difference operators on one-dimensional lattice Z and T is the shift operator: 
""^ ■ (Ajf)(n) — aj(n)f(n) + bj(n)f(n + 1), aj(n),bj(n) 6 E\{0}. Without loss of generality we may assume 

that bj(n) > for all j,n. One of the important features of difference operators in comparison to 
differential ones is the possibility to define a periodic chain in various ways. We say that a chain (|^) is 
' periodic with period r and shift s if the relation 



Lj = A 3 A+ - a, = qA+_ x Aj- X , (2) 



L j+r = T ~/,//- (3) 



holds for all j > 1. In the literature the case s — has mostly been considered. However the possibility 
of factorization in "the reverse order" was mentioned in ^ Q: operators Aj — aj + bjT can be replaced 
by operators of the form Aj = ajT + + bj\ such factorization with s = is, in fact, equivalent to the 
factorization "in the right order" for s = r (the operator Lj is replaced by T~ 3 LjT 3 ). Apparently, the 
general formulation with an arbitrary s has not been considered before, while the following special cases 
have been studied in the literature. 

1. a = 0, q = 1, r is arbitrary Operators Lj are finite-gap. 

2. a>0, 3 = 1, r = l (difference analogue of the harmonic oscillator) ||. In this case, symmetric 
operators Lj acting on the space of functions on the lattice Z do not exist. Nevertheless, there exists a 
solution on the "half- line" Z>o- The spectrum of the operator L + ^ is exactly the same as that of the 
harmonic oscillator: = a(k+ 1); the eigenfunctions are expressed in terms of the Charlier polynomials, 
and, therefore, form a complete family in £2(Z>o)- 

3. r = 1, a > 0, < q < 1 (or a < 0, 1 < q) [0, |J (g-oscillator). The spectrum of the operator L lies 
in the interval [0, (or in (0, if q > 1); it forms a "q-arithmetic sequence". It is mentioned in || 
that, in this case, the operator L is unbounded, and cojectured that L has continuous spectrum in the 
interval (jz^, oo). 

4. Another version of the g-oscillator is considered in 0. It is presented by a difference operator on 
the whole "line" Z. In our settings, this version of the g-oscillator can be interpreted as the case s = 1, 
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r = 2, olx = a2, (a and q are the same as in 3). A particular solution that is symmetric about the origin 
was found in ||. This case is specific because here the operator L is bounded and has no continuous 
spectrum. 

We claim here that the same property holds for a g-chain of an arbitrary even period r with the shift 
s = r/2: the chain operators are bounded and have no continuous spectrum. We also provide explicitly 
the general solution of the problem in the case s = 1, r = 2. 

Theorem. Suppose r is even, ai,...,a r are positive, q satisfies the inequality < q < 1, and we have 
s = r/2. Then the system has an r-parametric family of solutions. The operator Lj is bounded 

for each j; its spectrum {Xj,o, Aj i, . . . } is discrete and is contained in the interval [0, It can be 

found by using the Darboux scheme: 

Aj,0 = 0, ^j + l.k+1 = li^j.k + Otj), \j+ r ,k — Aj,fc. 

For each j , the eigenf unctions of the operator Lj also can be obtained by using the Darboux scheme: 

A 3 -iipj,o = 0, ipj+i,k+i = A+ipj. k ; 

these eigenf unctions form a complete family in C,2^)- 

A similar assertion holds for at, . . . , a r < 0. 1 < q (in this case, the point is not included in the 
spectrum of Lj). 

Now we present an explicit form of the operators At, A2 for r = 2. 

Proposition. For r = 2 = 2s, at, 0:2 > 0, < q < 1, the general solution of the problem Jljj, (j^J has the 
form at{n) = eV6^, h(n) = ^r\ 2n +\, a 2 {n) = e^&n-i, b 2 (n) = ^/rj^, where e = ±1, 

_l c n - 2nq- n -*- L 2 +c n+lg - 2 "- 2 ^ 1 _ 1 Cn+i ^ 2«g"+*'+* + c ng 2 "+ 2 ^ +1 

^" 2 (1 - q- 2 (™+v))(l - 9 -2(n+ v +i)) ' ^ 2 (1 - g 2 («+P))(l - ? 2 (»+V+i)) ' ^' 

_ at + Q2 , ^ n at — a2 
Cn - 1-q +{ 1} 1 + q ' 
ip £ R is arbitrary, the parameter k satisfies the restrictions 

c [ v ] a ^ e + C[ v ]-iq 6 <2k< mm(c [ip] q 0+1 + c^j-ig -9-1 , c^g* -1 + c [v] _ lg ~ e+1 ) if ip $ Z, 

and 2k — c v q^ +c v -iq~? if ip G 7L (in this case, infractions ^), one has to cancel the factor (1 — a 2 *-"^-*) 
for n = i/j(mod2) and the factor (1 — g 2 ( n +v+ 1 )) for n = ip + l(mod2)J. Here, we set 9 = <p — [<p] — \ 
and [ip] stands for the integral part of p. 

Observation. In the case r = 2, at = 012, operators Lj + ^- constructed from the above solutions 
converge to the harmonic oscillator as q — > 1 in the following sense: take p = 0, e = — 1, q = cxp(— ^ft 2 ), 
x = nh, T = exp(/i^) and assume that n is real in formulae (^) and that the operator Lj is a difference 
operator on R. Then for any / S C 2 (R) we have 

Lt,.+^)m = (-^ + ^)m+o{h). 

If «i ^ Q!2, then the operator converges in the same sense to 

d 2 , ("j +Q=j+i) 2 2 _ «j _ (gj — + 3aj+i) 

da: 2 16 "'2 4( aj +a J+1 ) 2 a; 2 

where a J+ 2 = £*j- 

In the cases 2,3 mentioned above there is no link of that kind between the discrete and the continuous 
models. Thus the considered case s = r/2 gives, in a certain sense, a proper discretization of a Darboux 
chain. 

We hope to prove that a a-chain converges in the same way to an ordinary Darboux chain for an 
arbitrary even r. The numerical experiment confirms that a a-chain of the period 6 converges to an 
ordinary Darboux chain of the period 3 if aj = ay+3. 
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